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Bellows theorem: statement

Theorem (Sabitov, 1996)

The volume V' of a polyhedron (of any genus) with edge lengths
ly,---,l. satisfies

VN + ANV 4 4 AV + AV + A =0,

where the coefficients A; are polynomials in Q[(*,---,/”] and only
depend on the combinatorial structure of the polyhedron.
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Bellows theorem: statement

Theorem (Sabitov, 1996)

The volume V' of a polyhedron (of any genus) with edge lengths
ly,---,l. satisfies

VN + AN,1VN_1 + .. —|—A2V2 + AV + Ay = 0,

where the coefficients A; are polynomials in Q[(*,---,/”] and only
depend on the combinatorial structure of the polyhedron.

N,

As the polyhedron flexes maintaining its edge lengths /; fixed, the
coefficients A; remain the same. Hence the volume V is a root of
the same polynomial, and it can only take finitely many values.

Corollary (Bellows theorem)

The volume of a polyhedron is constant throughout any flexing.

Note: for the sake of the bellows theorem, it is not restrictive to
consider only polyhedra with triangular faces.

The Bellows Theorem (Proof)
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Characteristic polynomial of a matrix

The characteristic polynomial of an n x n matrix A is

the monic degree-n polynomial ca (x) = det(zI — A).

Example:

The characteristic polynomial of the matrix [_21 (1)] is

1 o] [2 1\ _, [e-2 -1]_ ,
B R

The roots of ca(x) are precisely the eigenvalues of A.
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Frobenius companion matrix of a polynomial

The Frobenius companion matrix of the monic polynomial

P(x) = 2"+ a, 12" ' + -+ a1z + ag is the n x n matrix:

00 -+ 0 —ag
10 -+ 0 —a
Fp= |01 - 0 —a
_O 0 1 —Qn—1

The Bellows Theorem (Proof)



Frobenius companion matrix of a polynomial

The eigenvalues of Fp are precisely the roots of P(x).

Let us prove by induction on n that ¢z, (z) = P(x).

z 0 --- 0 ag
-1 o --- 0 ai
crp(z) =det(al — Fp) =det | . . . . : =
0 o - -1 =z + ap_1
z 0 0 aq -1 z O 0
-1 x 0 ao 0 -1 =z 0
x-det : : +(=1)"+ag-det :
0 0 T An—2 0 0 0 T
0 0 -1 z+a,1 0o 0 O -1

=z (@ +a, 12" 2+ asr +ar) + (=1)"ag - (—=1)"L
=2"+a, 12"+ a4 ag = P(z) O
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Kronecker product

If A is an m x n matrix and B is a p X ¢ matrix,
the Kronecker product A ® B is the mp x ng matrix:

aB -+ a1,B
A®B= :
amlB amnB
Example:
L5 6 [, 6 5 6
12] 5 6) _ 7 8 78| |7 8
3 4 78_3_564_56_1518
7 8 7 8 21 24
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Kronecker product: mixed-product property

If the matrix products AC and BD are well defined, then:

a1B ... a1,B cuD ... ¢,pD

(A®B)(C®D)= : : S
am1 B amnB| (1D ... cppD

> h—1 G1kCr1BD > pq a1kCrpBD
: : =AC®BD

n n
Zkzl amk(jleD Zk:l amk(:kpBD
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The sum of polynomial roots is a polynomial root

If A and B are monic polynomials with coefficients in Q[¢2,- - -, (2],
there is a monic polynomial C' with coefficients in Q[¢3,- - - (%]
such that, if A(o) =0 and B(3) =0, then C(«+ ) = 0.
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The sum of polynomial roots is a polynomial root

If A and B are monic polynomials with coefficients in Q[¢2,- - -, (2],
there is a monic polynomial C' with coefficients in Q[¢3,- - - (%]
such that, if A(o) =0 and B(3) =0, then C(«+ ) = 0.

Let A and B be the Frobenius companion matrices of A and B.

Then there are vectors x and y such that Ax = ax and By = fy.
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The sum of polynomial roots is a polynomial root

If A and B are monic polynomials with coefficients in Q[¢2,- - -, (2],
there is a monic polynomial C' with coefficients in Q[¢3,- - - (%]
such that, if A(o) =0 and B(3) =0, then C(«+ ) = 0.

Let A and B be the Frobenius companion matrices of A and B.
Then there are vectors x and y such that Ax = ax and By = fy.
(ARI+I®B)(xQy)=AD)x®y)+(I®B)(x®Yy)
(apply the mixed-product property)
= (Ax®Iy)+ (Ix®By) = (xxQy)+ (x®fy) = (a+ ) (xQYy)

Hence o + (3 is an eigenvalue of the matrix A @ I+ I ® B,
and therefore o + (3 is a root of its characteristic polynomial C.
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The sum of polynomial roots is a polynomial root

If A and B are monic polynomials with coefficients in Q[¢2,- - -, (2],
there is a monic polynomial C' with coefficients in Q[¢2,- - - (2
such that, if A(o) =0 and B(3) =0, then C(«+ ) = 0.

Let A and B be the Frobenius companion matrices of A and B.
Then there are vectors x and y such that Ax = ax and By = fy.
(ARI+I®B)(xQy)=AD)x®y)+(I®B)(x®Yy)
(apply the mixed-product property)
= (Ax®Iy)+ (Ix®By) = (xxQy)+ (x®fy) = (a+ ) (xQYy)

Hence o + (3 is an eigenvalue of the matrix A @ I+ I ® B,
and therefore o + (3 is a root of its characteristic polynomial C.

The coefficients of C' were obtained by adding and multiplying
coefficients of A and B, and thus they are in Q[¢2,- - - /2. O

The Bellows Theorem (Proof)
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Cayley-Menger determinant

Lemma

If 21,32, %3, 74,75 € R and d;; = ||z; — x|, then
(2) d3s dza dz4 d?
d%l (2) d23 d§4 d%f)

det d3; dsz 0 d3y dss —0

di, diy dis 0 dis
diy diy diy d3 O
1 1 1 1 1

O = = ==

The Bellows Theorem (Proof)



Cayley-Menger determinant

Lemma

If 1,9, x3, T4, T5 € R3 and dij = ||zi — ||, then
2 2 2 2
d3y; dz; 0 d3y dzs 1| _
det 2 2 2 2 = O
dyy dip; dijz 0 dis 1
d3, di, di; di, 0 1
1 1 1 1 1 0
v
The matrix is the product of these two:
llz1|> —2211 —2w19 —2213 1 0 1 1 1 1 1 0
lzal? —2221 —2ma2 —2x23 1 0 11 21 31 T41 z51 0
_ llza||? —2x31 —2r35 —2x33 1 0 B—| %12 Z22 32 Z42 x50 0
lzal? —2241 —2z40 —2243 1 0 T3 T3 33 Tay s 0
fosl®> —2zs1 —2w52 —2x53 1 0 [al® 2l llasl® flzall® llasl® 1
1 0 0 0 00 0 0 0 0 0 0
2 2 2 2 12— ], 12—
e.g. 2|T1H —2x7; — 2x{y — 2275 + ||21]|°= | .;71 —z1||*= O2 ,
|lz3]|*—2231241 — 2w30@42 — 2033243 + ||@4]|"= [|23 — 24]|"= d3y4

det(AB) = det(A)det(B) =0 (A has an all-0 column) O

The Bellows Theorem (Proof)
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Sylvester matrix

Given two polynomials P(z) = a,2" + a, 12" ' +--- +ag and
Q(x) = bypx™ + byy_12™ 1 + - + by, their Sylvester matrix is:

an bm

SYIP,Q = . b-() bm

ap

L ao bO_
Example: deg(P) =4, deg(Q) =

3
a4 0 0 b3 0 0 07
as a4 0 bg b3 0 0
a2 as a4 bl b2 b3 0
Sylpg=|a1 ax as bo b1 by bs
ao ail a2 O bo b1 b2
0 ap ai 0 0 bo b1
0 0 ap 0 0 0 b()_
The Bellows Theorem (Proof)




Elimination theory: single variable

Do two polynomials P(z) = a,2" + a, 12" ' + -+ ag and
Q(z) = bypa™ + by—12™ 1 + - + by have common roots?
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Elimination theory: single variable

Do two polynomials P(z) = a,z" 4+ a,, 12" ' 4+ -+ 4 ag and
Q(x) = bypx™ + by_12™ L + -+ 4 by have common roots?

If so, they have a common non-constant factor F'(x):
P(z) = R(z) - F(x) with deg(R) < n
Q(z) = —5(z) - F(x) with deg(5) < m
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Elimination theory: single variable

Do two polynomials P(z) = a,z" 4+ a,, 12" ' 4+ -+ 4 ag and
Q(x) = bypx™ + by_12™ L + -+ 4 by have common roots?
If so, they have a common non-constant factor F'(x):

P(z) = R(z) - F(x) with deg(R) < n

Q(z) = —5(z) - F(x) with deg(5) < m

Ha) — ple)= 22, Pa)-S(@) + Qa) - R(x) =0

=5@)"
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Elimination theory: single variable

Do two polynomials P(z) = a,z" 4+ a,, 12" ' 4+ -+ 4 ag and
Q(x) = bypx™ + by_12™ L + -+ 4 by have common roots?

If so, they have a common non-constant factor F'(x):
P(z) = R(z) - F(x) with deg(R) < n
Q(z) = —5(z) - F(x) with deg(5) < m

FS=F@) =28, P@)-S@)+Q@) Rx)=0

pSm—1 +bmrn-1 =
UpSm—2 + Apn—15m—1 + byrn—2 +bp_17p—1 =

oo o o

apso + bo’l‘o =

The Bellows Theorem (Proof)



Elimination theory: single variable

In matrix form,

an b )
Sm—1
Qnp
50
bo bm, =0
) T'n—1
ap
o0
agp bo
with unknowns sy, 1, S0, Tn_1,**,70-

Equivalently, Sylp - x = 0, where x is a non-zero vector.

Equivalently, det(Sylp ) = 0.

The Bellows Theorem (Proof)



Example:

922 + 4y — 18z + 16y —11 = 0
4+ y* -9 =0



Elimination theory: multiple variables

Example:

922 4 4y%> — 18z + 16y — 11 = 0
2?2+ y? =9 = 0

View these as polynomials in y with coefficients polynomials in z.

4.2 +16-y+922—182—11 = 0
-y +0-y+2%2-9 =0
This system is solvable if and only if
4 0 1 0
16 4 0 1
det 192 18z — 11 16 2-9 o |7V
0 922 —18x—11 0  22-9

Which reduces to the single-variable polynomial equation

2524 — 18023 + 57422 — 900z + 625 = 0

The Bellows Theorem (Proof)
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Combinatorial structure of a polyhedron

Abstract polyhedron:
a set of triangular faces with a perfect matching between edges.

Topologically, this is a closed orientable 2-manifold with V'
vertices, E edges, F' faces, where the Euler-Poincaré formula holds:

V-E+F=2-2g,

where g is the genus of the polyhedron.

The Bellows Theorem (Proof)



Genus of a polyhedron

The genus of a polyhedron can be visualized as the number of
handles on its surface.

genus =1 genus =7

The Bellows Theorem (Proof)



Surgery of closed orientable 2-manifolds

Suppose that a circular cut is made on the surface of a closed
orientable 2-manifold, and the cut is patched with two disks.

The result is either one object with strictly lower genus or two
objects with equal or lower genus.

The Bellows Theorem (Proof)
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Surgery of closed orientable 2-manifolds

Suppose that a circular cut is made on the surface of a closed
orientable 2-manifold, and the cut is patched with two disks.

@

The result is either one object with strictly lower genus or two
objects with equal or lower genus.
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Surgery of closed orientable 2-manifolds

Suppose that a circular cut is made on the surface of a closed
orientable 2-manifold, and the cut is patched with two disks.

The result is either one object with strictly lower genus or two
objects with equal or lower genus.
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Volume of a tetrahedron

T

The volume of the tetrahedron is 1/6.

The Bellows Theorem (Proof)



Volume of a tetrahedron

($37 Y3, 23)

(302,1/2,22)
(5317111721)

A linear map sends three vertices to three arbitrary points in R3.

The Bellows Theorem (Proof)



Volume of a tetrahedron

(:l:?n Y3, 23)

(362, Y2, 22)

In matrix form, this transformation is

r1 I9
Y1 Y2
21 22

(5517111721)

3

Y3
z3

The Bellows Theorem (Proof)



Volume of a tetrahedron

(‘T37 Y3, 23)

(fL'hthl)

T

The (signed) volume of the transformed tetrahedron is the volume
of the initial tetrahedron multiplied by

r1 T2 X3
det [y1 y2 3
Z1 22 Z3

The Bellows Theorem (Proof)



Volume of a tetrahedron

(‘T37 Y3, 23)

(fL'hthl)

T

So, the (signed) volume of the new tetrahedron is the polynomial

(x1y223 + T2y321 + T3Y122 — T1Y322 — T2Y123 — L3Y221)

[N

The Bellows Theorem (Proof)



Volume polynomial of a polyhedron

Consider a polyhedron, and assign a consistent orientation to each
of its faces: e.g., the vertices on a face are taken counterclockwise.

The Bellows Theorem (Proof)



Volume polynomial of a polyhedron

The volume of the polyhedron is the sum of the signed volumes of
the tetrahedra spanned by the origin and each face.

Front faces give a positive contribution, and back faces give a
negative contribution to the volume.

The Bellows Theorem (Proof)



Volume polynomial of a polyhedron

The volume of the polyhedron is the sum of the signed volumes of
the tetrahedra spanned by the origin and each face.

Front faces give a positive contribution, and back faces give a
negative contribution to the volume.

The Bellows Theorem (Proof)



Volume polynomial of a polyhedron

The volume of the polyhedron is the sum of the signed volumes of
the tetrahedra spanned by the origin and each face.

Front faces give a positive contribution, and back faces give a
negative contribution to the volume.
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Volume polynomial of a polyhedron

The volume of the polyhedron is the sum of the signed volumes of
the tetrahedra spanned by the origin and each face.

Front faces give a positive contribution, and back faces give a
negative contribution to the volume.

The Bellows Theorem (Proof)



Volume polynomial of a polyhedron

If the coordinates of the n vertices are unknowns, the volume is a
polynomial in Q[Ila Yty 2155 Ty Yn, Z'n,}-

The Bellows Theorem (Proof)



Degenerate polyhedra

The definition of volume polynomial also applies to generalized
polyhedra with degenerate or intersecting faces, such as the
Bricard octahedra.
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Degenerate polyhedra

The definition of volume polynomial also applies to generalized
polyhedra with degenerate or intersecting faces, such as the
Bricard octahedra.

Note: we will need to include these degenerate polyhedra in our
theorem, because they may appear as a result of performing
surgery on non-degenerate polyhedra.

The Bellows Theorem (Proof)



Bellows theorem: re-statement

Theorem (Sabitov, 1996)
Given the combinatorial structure of a polyhedron, its volume
polynomial V'€ Q[x1,y1, 21, "+, Tn, Yn, 2n] Satisfies the identity

VN L Ay VIV 4 A V2 AV + A =0,

where A; € Q[(7,---, (7 and (7 = (z;i—2;)? + (yi—y;)* + (zi—2;)?
for every edge {(xi, yi, i), (z;,y;,%;)} of the polyhedron.

The theorem expresses an algebraic identity among the unknowns
T1, Y1, 21, * 5 Tn, Yn, 2n, that is satisfied algebraically after the
substitutions /7 := (z;—x;)* + (yi—y;)* + (z;—2;)? are made.

The Bellows Theorem (Proof)



Bellows theorem: re-statement

Theorem (Sabitov, 1996)

Given the combinatorial structure of a polyhedron, its volume
polynomial V'€ Q[x1,y1, 21, -+, Tn, Yn, 2] Satisfies the identity

VN L Ay VIV 4 A V2 AV + A =0,

where A; € Q[(7,---, (7 and (7 = (z;i—2;)? + (yi—y;)* + (zi—2;)?
for every edge {(xi, yi, i), (z;,y;,%;)} of the polyhedron.

The theorem expresses an algebraic identity among the unknowns
T1, Y1, 21, * 5 Tn, Yn, 2n, that is satisfied algebraically after the
substitutions /7 := (v;—x;)% + (yi—y;)? + (2;—2;)? are made.

Once we assign values to the edge lengths /;, the coefficients A;
become numbers, and the polynomial is fixed.

When we also assign coordinates (z;,v;, z;) to the vertices
(matching the edge lengths /;), then also the volume V' becomes a
number, which must be a root of the polynomial.

The Bellows Theorem (Proof)



Bellows theorem: proof structure

We prove the theorem by induction on some parameters of the
combinatorial structure of the polyhedron P, in this order:

@ the genus
@ the total number of vertices

@ the degree of a specific vertex

The Bellows Theorem (Proof)



Bellows theorem: proof structure

We prove the theorem by induction on some parameters of the
combinatorial structure of the polyhedron P, in this order:

@ the genus
@ the total number of vertices

@ the degree of a specific vertex
The base case is when P is a tetrahedron.

In general, we perform surgery to reduce the complexity of P.

If surgery is not possible, we perform ad-hoc transformations
around a vertex and apply the Cayley-Menger determinant to
obtain equations which are then simplified using elimination theory.

The Bellows Theorem (Proof)



Base case: tetrahedron

For a tetrahedron, the polynomial equation is
V= 144 [ (GAGALALG—1—03) + 50 (T GA L —(5—LF)

OO (00507 — (3 0505 — 030305 — 010305 — 30203

g

2]

After substituting the volume polynomial for V' and
02 .= (x;—x;)* + (yi—y;)* + (zi—2;)?, one can check that all
S|m||ar monomials cancel out, i.e., this is an algebraic identity.

The Bellows Theorem (Proof)



Empty 3-cycles

If a cycle formed by 3 edges bounds no face, it is called empty.

The Bellows Theorem (Proof)



Empty 3-cycles

If a cycle formed by 3 edges bounds no face, it is called empty.

If the polyhedron P an empty 3-cycle, we perform surgery on it.

If the result is a single polyhedron P’, it must have smaller genus
than P, and so the inductive hypothesis applies to P’.

But P and P’ have the same volume polynomial and the same set
of edges. Hence the theorem is true for P.

The Bellows Theorem (Proof)



Empty 3-cycles

If the result of the surgery are two polyhedra P’ and P”, they have
equal or smaller genus than P and strictly fewer vertices.

So the inductive hypothesis holds for P’ and P”.
Note that all the edges of P’ and P” are also edges of P.

Also, the volume polynomial of P is the sum of the volume
polynomials of P and P”.

The Bellows Theorem (Proof)



Empty 3-cycles

If the result of the surgery are two polyhedra P’ and P”, they have
equal or smaller genus than P and strictly fewer vertices.

So the inductive hypothesis holds for P’ and P”.
Note that all the edges of P’ and P” are also edges of P.

Also, the volume polynomial of P is the sum of the volume
polynomials of P and P”.

Recall:

If A and B are monic polynomials with coefficients in Q[(3,-- - ¢?],
there is a monic polynomial C' with coefficients in Q[ﬂ%, o 02
such that, if A(a)) =0 and B(f) =0, then C'(a + ) = 0.

Hence, if A and B are the polynomials for P’ and P”, then C'is
the polynomial for P.

The Bellows Theorem (Proof)



No empty 3-cycles

Suppose there are no empty 3-cycles, and pick any vertex v.
We proceed by induction on the degree of v.

If v has degree 3, then there is an empty 3-cycle: contradiction.

(%

So, v has degree at least 4.

The Bellows Theorem (Proof)



No empty 3-cycles

Do
b7 b1

Pe b2

Ds b3
yZ

Consider the triangles incident to v (there are at least 4).

The Bellows Theorem (Proof)



No empty 3-cycles

bo
pr P1

Pe D2

D5 D3
y2

Remove the triangles vpgp1 and vpips, and add vpgpe and popip2
(pop2 is not an edge of P, or vpgps would be an empty 3-cycle).

The Bellows Theorem (Proof)
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bo
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Pe D2
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Remove the triangles vpgp1 and vpips, and add vpgpe and popip2
(pop2 is not an edge of P, or vpgps would be an empty 3-cycle).
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No empty 3-cycles

bo
pr P1

Pe D2

D5 D3
y2

The new polyhedron P’ has the same genus and number of
vertices as P, and v has lower degree.

The Bellows Theorem (Proof)



No empty 3-cycles

Dbo
pr P1

Pe D2

D5 D3
y2

Hence the inductive hypothesis applies to P’, but its edges include
pop2 = D1, and its polynomial has coefficients in Q[/7,---, (% D?].

r e

The Bellows Theorem (Proof)



No empty 3-cycles

The inductive hypothesis also holds on the tetrahedron vpop1p2,
and its polynomial has coefficients in Q[/7,- -, (?, D?].

Yy e

The Bellows Theorem (Proof)



No empty 3-cycles

Since the difference between P and P’ is the tetrahedron vpopip2,
by the Lemma the volume V of P satisfies Poly(V, (7, .-, (2 D?).

r e

The Bellows Theorem (Proof)



No empty 3-cycles

Pbo
pr D1
v Di
Pe Dg 3 P2
Ds
D,
Ds p3
yZ

We can repeat the same reasoning with the other edges incident to
v, obtaining equations of the form Poly(V, (%, --- /% D?).

)y e

The Bellows Theorem (Proof)



No empty 3-cycles

Pbo
pr p1
v Di
Pe Dg 3 P2
Ds
D
Ds b3
yZ

We would like to eliminate the D?'s from these polynomial
equations. Hence we need more equations involving them.

The Bellows Theorem (Proof)



No empty 3-cycles

Pe

The Cayley-Menger determinant applied to v, po, Pi—1, Pi, Pi+1
yields an equation of the form Poly(({,---, (2, D? R |, R? R? ).

s e 1—1

The Bellows Theorem (Proof)



No empty 3-cycles

Po

b7 T p1
Dy
Rs
Pe Dg R\ 72 D2
Ry
Ds
Dy

D5 / p3

y2!

The Cayley-Menger determinant applied to v, po, Pi—1, Pi, Pi+1
yields an equation of the form Poly(({,---, (2, D? R |, R? R? ).

y e

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
° Poly(V ﬂ ---,1:,D2)

e Poly(V, 02, D3)
e Poly(V, 02, D3)
e Poly(V, 02, D3?)
e Poly(V, (?,~-,13,D§)
o Poly(V, /%, -, 1% D)
e Poly(/7,---,(%, D3, R%,R 3)
e Poly(/7,---,/?, D3, R R?)
e Poly(/7,---,/ (,D4,R R4,R2)
° Poly((f,---,/f,D5,R4,R 3
e Poly(/7,---,/% D RZ, R%, R2)

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
° Poly(V /2 ---,z:,DQ)

e Poly(V, (2, D3)
e Poly(V, 02, D3)
e Poly(V, 02, D3?)
o Poly(V, zf,-.-,eg,Dg)
o Poly(V, /%, -, 1% D)
e Poly(/7,---,(%, D3, R%,R 3)
e Poly(/7,---,/?, D3, R R?)
e Poly(/7,---,/ (,D4,R R4,R2)
e Poly(/7,---,/% D2 R% R2, R?)
° Poly((f,---,(f,DG,R5,R 2)

Note that 1?{ and R? are in /7,---, /7, so they can be removed.

y e

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
° Poly(V ﬂ ---,1:,D2)

e Poly(V, (%, 1% D3)

e Poly(V, (7, 1% D3)

e Poly(V, (7, 17 D?)

e Poly(V, (f,---,(:g,Dg)

o Poly(V,/?,--- (2, D)

e Poly(/,---,/?, D3, R3, R3)

e Poly((%, -,/ D3, R3, R3, R7)
e Poly((7,---,/2, D}, R3, kY, R?)
e Poly(/7,---,/% D2 R% R2, R?)
o Poly((7,--- /2 D2, R?, R2)

Note that 13 =

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
° Poly(V /2 ---,1(,D2)

e Poly(V, 2, D3)

e Poly(V, ,/;’,D%)

e Poly(V, --,('E,DZ)

° Poly(V,/T, o, 12 D2)

e Poly(V, (7 -+, 17 DZ)

e Poly(/%, -,/ D}, D3, R3)

e Poly(/,---,/?, D}, D3, R3, R7)
e Poly((7,---,/2, D}, R3, kY, R?)
e Poly(/7, "'3[57D5’R47R§’R%)
e Poly(/ f "’(rsz(QS’Rng%)

Apply elimination theory to variable 22 in the last two equations.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
° Poly(V ( oo (2 D)

e Poly(V, 02, D3)

e Poly(V, 02, D3)

e Poly(V, (l,"-, /2, D3?)

e Poly(V, (7 .-+, 17 D2)

o Poly(V, /7, -+ 12, D?)

o Poly(/7,---,/%,D? D3, R?)

e Poly(/7, -,zf,DQ D3, R}, R?)
e Poly((7,---,/2, D}, R3, kY, R?)
e Poly(/7,---,/ D2, D2, R?, R?)

Note that the determinant of the Sylvester matrix is a polynomial.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
° Poly(V ( oo (2 D)

e Poly(V, 02, D3)

e Poly(V, 02, D3)

e Poly(V, (l,"-, /2, D3?)

e Poly(V, (7 .-+, 17 D2)

o Poly(V, /7, -+ 12, D?)

o Poly(/7,---,/%,D? D3, R?)

e Poly(/7, -,zf,DQ D3, R}, R?)
e Poly((7,---,/2, D}, R3, kY, R?)
e Poly(/7,---,/ D2, D2, R?, R?)

Apply elimination theory to variable 22 in the last two equations.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
Poly(V, 7,

_) ..
19
)
15"
92

2,

...7gg’])§)
o 7{(27D%’D§7R§aR421)

(2, D3, D2, D3, B2, )

Apply elimination theory to variable Ri in the last two equations.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
° Poly(V ( oo (2 D)

e Poly(V, 02, D3)

e Poly(V, 02, D3)

e Poly(V, 117"‘7—’3717421)

e Poly(V, (7 .-+, 17 D2)

e Poly(V, (7 -+, 17 DZ)

o Poly(2,---,(2,D? D2, R2)

o Poly(2,---,(%, D2 D2, D2 D2 D2, R%)

Apply elimination theory to variable R% in the last two equations.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:

° Poly(V /2 ---,((,DQ)
e Poly(V, (%, 1% D3)
e Poly(V, (7, 1% D3)
e Poly(V, (1,-‘-,(3,Dz)
e Poly(V, (7 .-+, 17 D2)
o Poly(V, (7,17, D)
e Poly(/7,---,/?,D? D3, D3, D3, D2 D32)

Apply elimination theory to variable DZ in the last two equations.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:

° Poly(V /2 ---,((,DQ)
e Poly(V, e 12 D3)
o Poly(V,/1,---,(,D3)
e Poly(V, (l, ‘-,’Z, D?)
e Poly(V, (7 .-+, 17 D2)
e Poly(V, (T, ~-,(5,D2 D2 D2 D2 D2)

Apply elimination theory to variable D% in the last two equations.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
° Poly(V /2 ---,((,DQ)

e Poly(V, e 12 D3)
e Poly(V, 12 D3)
e Poly(V, (1,"‘,((,D4)
o Poly(V,(%,---,(2, D% D2, D2, D3)

Apply elimination theory to variable D7 in the last two equations.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
° Poly(V /2 ---,((,DQ)

o Poly(V, (2, D3)
e Poly(V, 2, D3)
OPOIY(V(lva(aD%?D%aDg)

Apply elimination theory to variable D% in the last two equations.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
e Poly(V, (7 .- 1% D?)
e Poly(V, (%, 1% D3)
e Poly(V,(7,---, (2, D? D3)

Apply elimination theory to variable D3 in the last two equations.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equations:
° POly(Vu‘/fvv(r_)’D%)
° POly(V7{f77(£7D%)

Apply elimination theory to variable D? in the two equations.

The Bellows Theorem (Proof)



Eliminating the extra diagonals

We have the following equation:
° POly(Va ‘/T)v ) (r_))

This polynomial equation shows that the theorem is valid for P.

The Bellows Theorem (Proof)



One last check

We need to verify that the polynomials we obtain as determinants
of the Sylvester matrices are monic in V, and in particular not null!

This can be verified directly by expanding the determinants and
keeping track of the coefficients of the leading terms.

Checking it manually is tedious (Sabitov dedicates 12 pages to it),
but it is a mechanical manipulation of polynomials that could be
carried out by dedicated computer software.

The Bellows Theorem (Proof)



